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Abstract
The paper proposes an elementary agent-based asset pricing model that, invoking the
two trader types of fundamentalists and chartists, comprises four features: (i) price determination by excess demand; (ii) a herding mechanism that gives rise to a macroscopic
adjustment equation for the population shares of the two groups; (iii) a rush towards fundamentalism when the price misalignment becomes too large; and (iv) a stronger noise
component in the demand per chartist trader than in the demand per fundamentalist
trader, which implies a structural stochastic volatility in the returns. The interaction of
these elements is studied in the phase plane of the price and a majority index. Referring
to daily data on the returns of S&P 500, it is demonstrated that besides the uncorrelated raw returns, this model can match remarkably well the stylized facts of fat tails,
volatility clustering and long memory in the absolute returns—so well that the model
can be considered validated.
JEL classification: D84; G12; G14; G15.
Keywords: Fundamentalist and technical trading; moment matching; daily returns; autocorrelation patterns.

1. Introduction
Models with heterogeneous agents that rely on simple heuristic trading strategies have
proven to be quite successful in generating rich dynamics that may also more or less
resemble the evolution of asset prices on financial markets. 1 Guided by questionnaire
∗ Corresponding author.
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For recent surveys of this burgeoning field of research, see Chiarella et al. (2009), Hommes and
Wagener (2009), Lux (2009a) and Westerhoff (2009), among others.

evidence (Menkhoff and Taylor, 2007), this literature focusses on the behaviour of fundamental and technical traders. The latter, also called chartists, employ trading methods
that attempt to extract buying and selling signals from past price movements (Murphy,
1999). By contrast, fundamentalists bet on a reduction of the current mispricing with
respect to some fundamental value of the asset (see already Graham and Dodd, 1951).
Despite the many different specifications of, in particular, the technical trading rules, the
interplay of the counteracting forces to which fundamentalism and chartism give rise is
the basic mechanism driving the price dynamics in these models.
Confining itself to one explicit rule for fundamentalism and one for chartism, an
important branch of research is concerned with time-varying population shares of the
two groups of agents. There are essentially two approaches to model their endogenous
changes. The first is based on the concept of transition probabilities with which each
agent switches between the rules. Aggregation of the many individual switches leads to
a macroscopic adjustment equation for a majority index that measures how strongly one
group dominates the other (if positive) or is dominated by it (if negative).
The transition probabilities are not fixed but are functions of the current state of the
market, which includes the majority index itself. The latter fact makes it possible to
capture a herding effect in the dynamics. This transition probability approach (or TPA,
for short) goes back to the work of Weidlich and Haag (1983), while Lux (1995) was the
first to incorporate it into an asset pricing model. 2
The second approach to model the population dynamics was proposed by Brock and
Hommes (1998). It focusses on an evolutionary fitness measure of the two rules that in
one form or another reflects their past trading performance. The resulting differential
fitness enters a functional expression which then, in a given period, directly determines
the levels of the population shares (and not their rates of change as in TPA). The function
here involved derives from a modelling of alternative choices known as the discrete choice
model. Therefore this specification may be referred to as the discrete choice approach,
or DCA as an acronym. Unlike TPA, this approach can be easily extended from two to
a finite number of alternatives. On the other hand, DCA is not really suited to account
for herding. 3
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The approach is conceptually closely related to the famous ant model by Kirman (1993), which
has also been applied to speculative dynamics. It may be pointed out that we distinguish what
we call TPA from models in a similar spirit that do not work with a macroscopic adjustment
equation. They are rather investigated by means of microsimulations that take each single agent
in turn and let him execute the random mechanism for his transition probabilities. A special
problem in several of these models is that some of their attractive dynamic properties tend to
disappear when the population size becomes large.
3
TPA could be extended, too, but this would be less straightforward and would increase the
dimension of the model, i.e. the number of population shares to keep track of. Incidentally, DCA
will not be exempted from similar effects if it has memory in the fitness functions.
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Although the two approaches DCA and TPA share a similar philosophy, it seems
that over the past decade DCA has gained a (perhaps overwhelming) majority position.
One reason for this might be that the nature of the majority index in the macroscopic
adjustment equation was not perfectly clear (Appendix A1 gives a brief elaboration on
this remark). It may also be that the many model variants employing DCA in the wake
of Brock and Hommes (1998) constitute a herding phenomenon themselves. In any case,
these models possess attractive dynamic properties and can apparently reproduce some
of the salient “stylized facts” of (daily) returns on financial markets; more recently not
only qualitatively but, to a remarkable degree, even quantitatively. 4
Against this background, the present paper focusses on three concerns. First, it seeks
to revive the transition probability approach. Second, it emphasizes the importance and
convenience of a concept of, technically speaking, stochastic noise, which we call structural stochastic volatility (SSV). The third point is a synthesis of the first two in that
we, together with some standard assumptions, combine TPA with SSV to make a novel
ensemble. The outcome is an asset pricing model that is parsimonious, flexible and that
seems most promising.
Regarding the revival of TPA, we ask whether this approach—in conjunction with
SSV—can compare to DCA and is similarly able to cope with the stylized facts. To
anticipate the overall answer in a single statement: it can. Moreover, the role of certain
behavioural parameters and the interaction of TPA and SSV producing the, in short,
volatility clustering can be understood by an analysis of the system in the phase plane.
The significance of a positive answer to the question regarding the stylized facts is
that it allows us to re-introduce the notion of herding, which in the real world is so often
referred to as an obvious phenomenon. Herding can thus be established as a possible
(partial) explanation of what is both qualitatively and quantitatively observed on real
financial markets.
To be more precise, the latter evaluation is based on a comparison of real and modelgenerated data, that is, a certain number of summary statistics of daily returns that
measure their long memory and the fatness of their tail. However, to avoid overloading
the paper, we do not yet make use of a formal econometric apparatus. Here we rather
content ourselves with the pure statistical figures and their visualization in an autocorrelation diagram, from which we feel legitimated to conclude that they are “fairly” or
“satisfactorily” close to their empirical counterparts. In this sense, we will then consider
our model validated.
On the basis of the specific information obtained from our analysis in the following
sections, in the concluding part we will briefly sketch how this validation of the model
can be complemented by a full-fledged estimation which, in particular, would provide us
with a definite econometric measure of the model’s “goodness-of-fit”. The same kind of
4
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analysis could subsequently be carried out for a comparable model using DCA. Hence,
in short, our perspective will be to set up a well-defined framework of fundamentalism
and chartism for DCA and TPA and to let the two approaches compete with each other.
At the end of this introduction we may give a brief impression of the concept of
structural stochastic volatility, which will be part of the common framework for DCA
and TPA. It refers to two (ordinary and simple) rules for the demand of fundamentalists
and chartists. However, they only represent the “core demand” of the agents, and the
important point is that we add a random term to each of the two components. These
perturbations are supposed to capture the heterogeneity that still prevails within the two
trading groups and that randomly fluctuates from one trading period to the next. Given
that the two noise terms differ in their variance, variations of the population shares will
induce variations of the overall noise level in the price equation or, which amounts to
the same thing, in the determination of the returns. In this way, an element of stochastic
volatility evolves. We call this concept “structural stochastic volatility”, since it is not
just technically imposed but derives from a structural argument.
The remainder of the paper is organized as follows. The model is introduced in the
next section. In Section 3 the dynamic properties of different scenarios of the model are
studied in the phase plane. In Section 4 we decide on a numerical parameter set and
compute a long sample trajectory. We evaluate its qualitative and quantitative features
and compare the summary statistics of its returns to those obtained from the S&P 500
stock market index. Section 5 concludes. Appendix A1 contains a few remarks on the
technical treatment of the majority index in the earlier literature employing TPA. The
mathematical proofs of two propositions in the main text can be found in Appendix A2.

2. Formulation of the model
We consider a financial market for an asset whose price changes are determined by excess
demand. The market is populated by two types of speculative traders, fundamentalists
and chartists. Fundamentalists have long time horizons and base their demand on the
differences between the current price and the fundamental value. Even though they might
expect the gap between the two prices to widen in the immediate future, they do not
trade on the likeliness of this event and rather choose to place their bets on an eventual
rapprochement. Chartists, on the other hand, have a short-term perspective and bet on
the most recent price movements, buying (selling) if prices have been rising (falling).
However, the agents are allowed to switch from one type to the other, where their choice
is governed by a herding mechanism combined with the evaluation of the most recent
price levels.
Let us start with the demand for the asset. 5 An important point in our modelling
5

To be exact, by demand we mean the orders (positive or negative) per trading period, not the
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approach is to take account of the wide variety of specifications of fundamentalism and
chartism that are currently actively adopted within the two groups and that are also
subject to wide fluctuations, not to mention the many more or less series digressions
from the basic principles. We do not want to describe this in detail but conveniently
capture the feature of within-group heterogeneity by a noise component for each type of
traders.
Nevertheless, although we call it noise, we negate the law of large numbers to it.
So the aberrations do not tend to wash out as the number of agents increases within
the group but are rather assumed to scale with the current size of the group. If ceteris
paribus new agents join the group, this may be interpreted as a kind of imitation, or
herding, within the group (as opposed to the herding between groups considered below).
Specifically, the noise is represented by a normally distributed random variable εft or
εct for the fundamentalists and chartists, respectively, whose values are conceived as the
fortuitous digressions per agent within the group. Each of the two random terms is added
to a term which may be viewed as the core demand per agent within the corresponding
group.
The specific form of the core demand is kept as simple as possible and joins numerous
examples in the literature. For the fundamentalists, it is inversely related to the deviations of the price from its fundamental value. That is, in period t their core demand
is proportional to the gap (p? − pt ), where pt is the log price of the asset known at
the beginning of the period, and p? is the (constant) fundamental log value. The core
demand of the group of chartists is hypothesized to be proportional to the returns they
just observed, i.e. (pt − pt−1 ). To summarize, the average fundamentalist and chartist
trader has the following net demand for the asset in period t:
dft = φ (p? − pt ) + εft

εft ∼ N (0, σf2 )

φ>0

(1)

dct = χ (pt − pt−1 ) + εct

εct ∼ N (0, σc2 )

χ≥0

(2)

Total demand (normalized by the population size) results from multiplying dft and dct by
the market fractions of the two groups.
The model is not necessarily dependent on the supposition that the coefficient χ is
positive. Note in this respect that χ = 0 would turn the chartists into pure noise traders.
Even the additional assumption of a zero variance σc2 = 0 makes sense. In this case ‘chartism’ amounts to not trading at all, that is, the agents choose between fundamentalist
strategies and inactivity. It is shown in a companion paper (Franke and Westerhoff, 2009)
that such a scenario can give rise to meaningful dynamics, too. 6
Concerning the market fractions of fundamentalism and chartism, it will be convenient
below to fix the population size at 2N . Then, with nft and nct being the number of
desired positions of the agents.
6
The situation for φ = 0 and, possibly, σf2 = 0 would be formally analogous. In this case,
however, the price dynamics would no longer be anchored in the fundamental value.
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fundamentalists and chartists, define xt := (nft − nct )/2N as the majority index of the
fundamentalists. By construction, xt is contained between −1 (all traders are chartists)
and +1 (all traders are fundamentalists). Expressing the population shares of the two
groups in terms of this index yields 7
nft / 2N

= (1 + xt ) / 2 ,

nct / 2N

= (1 − xt ) / 2

(3)

Total excess demand, which is thus given by (1+xt ) dft /2 + (1−xt ) dct /2, will generally
not balance. A market maker is assumed to absorb any excess of supply, and to serve
any excess of demand from his inventory. He reacts to this disequilibrium by changing
the price for the next period, where we make use of the derivation of the market impact
function in Farmer and Joshi (2002, p. 152f), according to which the market maker adjusts
the price with a factor µ > 0 in the direction of excess demand. 8 The coefficient µ is
inversely related to market liquidity, or market depth. Following the common practice
in models that do not further discuss the microstructure of the market, it is treated as
a fixed parameter. In sum, the equation determining the price for the next period t+1
may be written as
µ
[ (1+xt ) φ (p? − pt ) + (1−xt ) χ (pt − pt−1 ) + εt ]
2
∼ N (0, σt2 ) ,
σt2 = [(1+xt )2 σf2 + (1−xt )2 σc2 ] / 2

pt+1 = pt +
εt

(4)
(5)

Equation (5) is derived from the fact that the sum of the two normal distributions in
(1) and (2), which are to be multiplied by the market fractions (1 ± xt )/2, is again
normally distributed, with mean zero and the variance being equal to the sum of the two
single variances. Obviously, if σf2 and σc2 are distinct, σt2 will alter with the changes in
the majority index xt . The time-varying variance σt2 will in fact be a key feature of the
model. While this stochastic volatility component might be akin to a GARCH-type of
modelling, we emphasize that it is not just a handy technical device here but emerges from
a structural modelling approach. The random components introduced in the formulation
of the group-specific demand may therefore be said to give rise to structural stochastic
volatility (SSV) in the returns (i.e. the log differences in prices). 9
To see this, define nt = (nft −nct )/2 = xt N , write the identity nft +nct = 2N as nft /2 = N −nct /2
and add nft /2 on both sides of this equation. This yields nft = N + nt and, after division by 2N ,
the first part of eq. (3). The derivation of the second part is analogous.
8
As usual in this kind of framework, any other feedbacks when his inventory continues to deviate
from some target are ignored, which (in a stochastic model) is clearly an inconsistency. It could
be removed by adding the risk aversion concept of the market maker (and also the other agents)
studied in Franke (2008c). We forego this option to avoid blurring the central mechanisms of the
model.
9
Randomized demand functions of heterogeneous traders were also considered in Westerhoff and
Dieci (2006) and Westerhoff (2008). The idea as such may be traced back to Westerhoff (2003).
However, the implied feature of stochastic volatility and its scope for matching certain stylized
facts of (daily) returns was not fully elaborated there. More on the particular effects of SSV can
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The model is completed by setting up the motions of the majority index xt . In light
of earlier presentations in the literature (e.g. Weidlich and Haag, 1983, or Lux, 1995),
we explicitly confirm that xt is the index actually prevailing in period t (and not some
expected value; see the discussion in Appendix A1). The index is predetermined in each
period, and only changes from one period to the next. 10
The law governing the adjustments of xt rests on the supposition that in period t all
fundamentalists, whose population share is (1+xt )/2, have the same transition probability
πtf c to convert to chartism, and all chartists, whose population share is (1−xt )/2, have the
same probability πtcf to convert to fundamentalism. If the number of agents is sufficiently
large, the intrinsic noise from different realizations when the individual agents apply their
random mechanism can be neglected. So the changes in the groups are given directly by
their size multiplied by the transition probabilities. Accordingly, the population share of
the fundamentalists decreases by πtf c (1+xt )/2 due to the fundamentalists leaving this
group, and it increases by πtcf (1−xt )/2 because of the chartists who newly join this group.
As a net effect, the following deterministic adjustment equation for xt is obtained, 11
xt+1 = xt + (1−xt ) πtcf − (1+xt ) πtf c

(6)

As mentioned in the Introduction and as indicated by the time subscripts, the two transition probabilities are not constant. The effects determining their changes over time are
summarized in a switching index s = st . An increase of st is supposed to increase the
probability that a chartist becomes a fundamentalist, and to decrease the probability
that a fundamentalist becomes a chartist. Assuming that the relative changes of πtcf and
πtf c in response to the changes in st are linear and symmetrical, the specification of the
transition probabilities reads (where ‘exp’ is the exponential function), 12
πtcf = π cf (st ) = ν exp(st ) ,

πtf c = π f c (st ) = ν exp(−st )

(7)

be learned from the investigation in Franke (2009), who successfully incorporated this principle of
heterogeneous noise into two different types of model (almost at the same time when the present
work came into being). An estimation analysis of one of these models can be found in Jang and
Lux (2009).
10
This is a first difference to DCA, which is a constituent part of the Brock-Hommes model
variety. There the population shares of the agents, and not their rates of change, are directly a
function of the state variables of the model.
11
In contrast to the more elaborate treatment in Lux (1995, 1997), this reasoning, which can also
be found in Lux (1998, p. 149), is sufficient for an infinite population. A rigorous mathematical
argument that begins with a finite population size and the intrinsic noise it implies is spelled out
in Franke (2008a, or 2008b).
12
The precise hypothesis is dπtcf /πtcf = α dst and dπtf c /πtf c = −α dst for some constant α, which
may be unity without loss of generality (since st may be arbitrarily scaled). Integrating these
relationships with, technically speaking, an integration constant ν yields (7).
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Certainly, (7) ensures positive values of the probabilities. They also remain below unity
if the switching index is bounded and ν is sufficiently low. 13
A special feature of (7) is πtcf = πtf c = ν > 0 when hypothetically st = 0. Hence even
in the absence of active feedback forces in the switching index, or when the different
feedback variables behind st neutralize each other, the individual agents will still change
their strategy with a positive probability. These reversals, which can occur in either
direction, are ascribed to idiosyncratic circumstances. Although they appear as purely
random from a macroscopic point of view, in the aggregate they will only cancel out in
a balanced state when xt = 0. For nonzero values of the switching index, on the other
hand, the coefficient ν measures the general responsiveness of the transition probabilities
to the arrival of new information. So ν may be generally characterized as a flexibility
parameter (Weidlich and Haag, 1983, p. 41).
The switching index itself is specified as follows, 14
st = s(xt , pt ) := αo + ax xt + αd · (pt − p?t )2

(8)

The coefficient αo can be interpreted as a predisposition parameter, since in a state where
the other effects in (8) cancel out, a positive αo gives rise to a probability πtcf of switching
from chartism to fundamentalism that exceeds ν = ν·exp(0), while the reverse probability
πtcf is less than ν (and vice versa for αo < 0).
The second term on the right-hand side of (8) captures the idea of herding. The more
traders are already fundamentalists (i.e. the higher xt ), the higher the probability that
also the remaining chartists convert to fundamentalism (and vice versa, since xt < 0
if chartists are in the majority). In addition, it will be seen in the analysis below that
suitable values of αx , which may be called a herding parameter, can give rise to one, two
or three equilibrium points of the deterministic skeleton of the model. 15
With αd > 0, the third term in (8) measures the influence of misalignment, or dispersion. The idea behind it also has some empirical support. It says that when the price is
further away from its fundamental value, “professionals tend more and more to anticipate” its “mean-reversion towards equilibrium” (Menkhoff et al., 2009, p. 251). In our
context, this means that the probability of becoming a fundamentalist rises. The underlying expectations should actually be self-fulfilling and constitute a stabilizing mechanism,
by virtue of the negative feedback in the core demand (1) of the fundamentalists.
13

Since it was checked in the numerical simulations that the upper-bound was never reached,
this constraint does not need to be mentioned in (7).
14
To underline the flexibility of TPA, we note that the switching function might also include the
differential performance of similar fitness measures to those used in DCA. We abstain from this
attractive option for reasons of parsimony.
15
There are several stories about the ways in which xt influences the transition probabilities.
If the individual agents base their switching decision on the publicly available knowledge of the
current majority index, these observations might also involve some noise. We disregard this option
for simplicity.
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To sum up, the two central dynamic equations of the model are (i) the price adjustments (4), (5) with the structural stochastic volatility component σt2 , and (ii) the changes
in the majority index xt described in (6) – (8), which basically represent a herding dynamics curbed by a control for strong price misalignment. The novel feature of the model
is that the time-varying population shares from this mechanism feed back on the variance
σt2 .

3. How the model functions
Although the structural stochastic volatility in form of the time-varying variance in (5)
is essential for the model’s desired properties, an analysis of the deterministic skeleton is
useful to understand how this works. To this end, we first study the number of equilibrium
points and their location as two of the parameters in the switching index (8) are varied.
Subsequently the nature of the resulting dynamics is sketched by means of phase diagrams
in the (xt , pt )-plane. The discussion does not deal with all of the phenomena that are
a priori possible. Instead, we concentrate on the cases that lead, step by step, to the
scenario that will be constituent for the stochastic trajectories examined in the next
section.
To begin with the deterministic equilibrium points, it is clear from the market maker
equation (4) that the price is at rest if and only if it coincides with the fundamental
value p? . On the other hand, as it is typical for models employing TPA, the majority
index can attain multiple equilibrium values. The cases of interest to us are collected in
an extra proposition. Its proof is given in Appendix A2.
Proposition 1
A stationary point of the deterministic skeleton of the dynamic system formulated in
Section 2 is constituted by a price p = p? , while the following cases can be distinguished
for the majority index x:
1. If the herding parameter satisfies 0 < αx < 1, then there exists a unique interior
equilibrium value xo of the majority index.
2. If the herding parameter exceeds unity, αx > 1, and αo = 0 for the predisposition
parameter, then there exist three equilibrium values xcd , xo , xf d of the majority
index, with −1 < xcd < xo < xf d < 1. This configuration is maintained if αo is
moderately lowered below zero.
3. If given αx > 1 the predisposition parameter αo is sufficiently negative, then again
a unique interior equilibrium value xcd of the majority index exists, which is closer
to −1 than the xcd brought about by αo = 0.
Clearly, the superscript cd for the majority index indicates a distribution of trading
9

rules where the chartists dominate, and fd represents one where fundamentalism is dominant. 16 Often multiple equilibria configurations like that in (b) are a good basis for interesting dynamic phenomena; in particular because the outer equilibria typically prove
to be attractive and can thus be said to describe ‘bubble equilibria’, i.e. a persistently
bullish or bearish market, respectively (a characteristic example of this is analyzed in
Lux, 1995). In the present model, however, it is part (c) with its dominance of chartists
that will transpire to be the most promising situation for our purposes.
In the next step of the analysis we turn to the deterministic motions of the market fractions of traders. We need to know in which regions of the state space the majority index
rises or falls. As is easily seen from (6) – (8), the change in x only depends on the contemporaneous values of x itself and the price. Hence the movements of the majority index
can be conveniently sketched in the (projection onto the) phase plane for the variables
(xt , pt ). The basic information for this is given by the isoclines ∆xt+1 = xt+1 − xt = 0,
that is, the geometric locus of all pairs (xt , pt ) on which (6) – (8) would temporarily cause
xt to come to a halt. The description of the isoclines and whether xt increases/decreases
above or below them in the plane makes use of the following function g(·) of the majority
index,
h1 + xi
1
g(x) := αo + αx x −
ln
(9)
2
1−x
The analytical conditions on the combinations of (xt , pt ) that establish when xt changes
in which direction are summarized by the next proposition, proof of which is again
relegated to Appendix A2.
Proposition 2
1. Suppose the majority index in a period t brings about g(xt ) = 0. Then xt+1 > xt
if at the same time pt 6= p? , and xt+1 = xt if pt equals the fundamental value.
2. Case g(xt ) > 0 implies xt+1 > xt , irrespective of the current level of the price.
3. Suppose g(xt ) < 0 . Then xt+1 > xt if either
p
p
pt > p? + −g(xt )/αd
or
pt < p? − −g(xt )/αd .
Furthermore, xt+1 = xt if equality prevails in these relationships, and xt+1 < xt
if the inequality signs are reversed.
Deducing the properties of g(·) and the square root function in Proposition 2 from a
general mathematical analysis would be rather cumbersome. On the other hand, a few
numerical examples are sufficiently informative about the shape of the isoclines and the
16

Symmetrically to point (c) in the proposition, a sufficiently positive predisposition parameter
αo would establish a unique equilibrium value of x = xf d where fundamentalism takes over. As
has just been stated, this situation will be of no concern to us.
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cases to distinguish. As can be seen from Proposition 2, for the isoclines themselves we
would only need the numerical values for the three parameters αo , αx , αd in the switching
function. For a plot of some typical trajectories in the phase plane, however, the other
reaction coefficients are required as well. Table 1 presents a parameter scenario for this
investigation. Including the standard deviations for the noise terms, it is actually the
one on which we will settle down in the next section when the simulations of the model
are compared to a stock market index. Of course, setting p? = 0 and µ = 0.010 is just a
matter of scaling.

φ
χ
σf
σc

0.18
2.35
0.79
1.91

aggressiveness of fundamentalists in the market
aggressiveness of chartists
noise in fundamentalist demand
noise in chartist demand

µ
p?

0.01
0.00

market impact factor of demand
log of fundamental value

ν
αo
αx
αd

0.57
−0.15
1.35
11.40

flexibility parameter in the population dynamics
predisposition parameter in the switching index
herding parameter in the switching index
dispersion parameter

Table 1: Numerical parameter set for the stock market scenario.
The phase plots in Figure 1 employ these coefficients, except for the modifications of αo
and αd that are specified in the title of the six different panels. The isoclines ∆xt+1 = 0
are given by the thin (green) lines, and some exemplary trajectories are depicted by the
bold (blue) lines, the arrows of which indicate the direction of the motion.
The top-left panel sets αo = 0, and thus covers the case of Proposition 1(b) with its
three equilibrium points. The sample trajectories illustrate the fact, which could also be
proved analytically, that the inner equilibrium (xo , p? ) = (0, 0) is unstable, and that the
two outer equilibria (xcd , p? ) and (xf d , p? ) are locally attractive. Convergence towards
them in the price is nevertheless rather slow, owing to the relatively low value of φ in
comparison with χ, which leaves only a small scope for the mean-reverting tendencies
from the fundamentalist strategy. We checked that the largest eigen-value of the Jacobian
matrix is indeed close to unity (though still less than one). Apart from the motions near
the ∆xt+1 = 0 isocline, the trajectories are therefore almost horizontal in the phase plot.
The near-unit root in the model implies that, starting in a vicinity of one of the outer
equilibria, even a moderate amount of noise in the stochastic version can easily drive the
price quite a long way from the fundamental value, while the changes in the majority
11

Figure 1: Phase diagrams of the deterministic skeleton (parameters from Table 1).

index will still be limited. Consider such a displacement near the chartist-dominated
equilibrium (xcd , p? ), and suppose the price falls below the isocline in the left half of the
plane. In this situation the strategy switching dynamics takes over, where the herding
towards chartism is dominated here by the agents’ judgement that the market is strongly
undervalued. Within a relatively short time, most of the agents will convert from chartism
to fundamentalism until, as sketched by the lower trajectory, the isocline in the right half
of the plane is reached. Deterministically, the market would converge towards (xf d , p? )
from then on (where initially the majority index may still jump back and forth over the
isocline). Stochastically, (xt , pt ) would more or less strongly fluctuate around (xf d , p? ).
The important point to note is that since the random shocks merely affect the price,
there is no mechanism that could lead xt back to chartism. In the right half of the
plane both the herding and price misalignment work together to let a large majority of
the agents adhere to fundamentalism. It follows that wherever it has started from, the
market would eventually be stuck in a fundamentalist regime. As a consequence, the
time-varying variance σt2 in (5) would undergo only minor changes and there would be
12

no scope for any kind of volatility clustering.
The upper-right panel in Figure 1 shows how the ∆xt+1 = 0 isoclines in the left and
right half of the plane move towards each other as the predisposition towards chartism
moderately increases, that is, αo is lowered to αo = −0.125. The qualitative properties
of the system nevertheless remain unaltered. A structural change occurs when a stronger
bias towards chartism rules out a possible herding towards persistent fundamentalism, as
stated in Proposition 1(c). Accordingly, after a further decline of αo , the two equilibria
(xo , p? ) and (xf d , p? ) dissolve and the two isoclines are connected. This has happened
in the middle-left panel, where αo attains the value of the scenario from Table 1, αo =
−0.150.
The characteristics of a stochastic trajectory starting in the left half of the plane
are the same as before. However, if it now rushes over into the fundamentalist region,
there is no more fundamentalist equilibrium towards which it could converge or around
which it could fluctuate. As seen, sooner or later such a trajectory would return to
the chartist region, where the switches in strategy will again be rather fast once the
trajectory disconnects from the isocline in the local maximum (minimum) in the lower
(upper) half of the phase plane. Observe that, as the misalignment is not very strong,
this re-establishment of chartism is a pure herding phenomenon.
It can be summed up that the market in this parameter scenario and in the presence
of noise is characterized by permanent switches between a chartist and a fundamentalist
majority. Clearly, the two regimes exhibit different levels σt2 of stochastic noise in demand
and, thus, in the price changes. Since σc2 > σf2 and since the price dynamics is less stable
in (4) under a predominance of chartists (xt < 0), we will have a higher price volatility in
the chartist than in the fundamentalist regime. Hence, if the market does not stay very
long in the left half of the plane, there should be good prospects for volatility clustering.
The main features of the ∆xt+1 = 0 isocline are maintained under the parameter variations considered in the remaining three panels of Figure 1. It makes good sense, however,
that a stronger predisposition towards chartism (a further decrease of αo ) enlarges the
basin of direct attraction from the right, where the majority index steadily declines in
the course of convergence. Likewise, a weaker or stronger influence of price misalignment
(lower or higher values of the coefficient αd ) widen or narrow, respectively, this region in
the phase space with its dominance of the herding mechanism.
In sum, the diagrams in Figure 1 illustrate how alternative values of αo and the dispersion coefficient αd may affect the location and shape of the isoclines, which in turn
would have a bearing on the precise nature of the volatility clustering. The model may
therefore be sufficiently flexible for some calibration of its stochastic dynamics. 17
17

Variations in the herding parameter αx primarily change the equilibrium value xcd of the
majority index (a further increase would move it further towards the left boundary). Regarding
the stochastic system and the weighted variance σt2 in (5), similar effects could be obtained by
suitable changes in the chartist and fundamental noise levels σc and σf . It may thus be said that
13

4. Qualitative and quantitative features of a sample run
The model has been designed to explain—at least partially—the most important stylized
facts of financial markets. 18 Referring to price changes at a daily frequency, we want
to check the four features that have received the most attention in the literature on
agent-based models. These are the absence of autocorrelations in the raw returns, fat
tails in their frequency distributions, volatility clustering, and long memory (see Chen
et al., 2008, p. 19). With a view to stock market data, we will consider these features
in both qualitative and quantitative terms. As already mentioned above, our numerical
parameter scenario for this case is given in Table 1, where the underlying time unit has
to be conceived as a day.

Figure 2: Simulated p, x, r and empirical daily returns.
The first three panels in Figure 2 present a sample run of the model over 6867 days,
which covers the same time span as the empirical returns plotted in the bottom panel.
fixing αx = 1.350 amounts to some loose sort of scaling σc and σf .
18
Detailed descriptions of the statistical properties of asset prices can be found in Cont (2001),
Lux and Ausloos (2002), or Lux (2009).
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The top panel illustrates the model-generated fluctuations of the (log) price around the
fundamental value p? = 0, revealing that they occur in longer and irregular swings with
a considerable amplitude. The second panel displays the corresponding composition of
the traders, i.e. the majority index xt . It shows that most of the time the market is
ruled by the fundamentalists (positive values of xt between 0.60 and 0.80, more or less).
Occasionally, however, sudden swings to a chartist regime are observed (xt ≈ −0.65).
Normally these regimes do not last very long, although there are also exceptions where
chartists are in the majority for almost or even more than one year (for example, 220
days after t = 890 or 370 days from t = 2950 onward).
Obviously, fundamentalists take over in the presence of stronger mispricing, and chartists only gain ground when the price returns to its benchmark. The reasons for this are
clear from the discussion in the previous section; see, in particular, the middle-left phase
plot in Figure 1. Thus, in the initial 500 days of the simulation, the market fluctuates
around the ∆xt+1 isocline in the lower-right corner of that panel. Shortly after t = 500,
the market begins to move upward on the isocline (as indicated by the arrow in Figure
1), which (noisily) raises the price and slightly decreases the market share of the fundamentalists. Eventually the local maximum of the isocline is reached and the trajectory
disconnects from the isocline. Rapidly and practically horizontally it moves to the left,
which is seen in Figure 2 as the first sudden drop of the majority index. “Sudden” means
that from xt = 0.50 at t = 866 it takes 9 days for the index to decline to 0.38 and another
9 days to reach xt = −0.64. The price then fluctuates around p? = 0 for quite a while (220
days, as just mentioned). Shortly after t = 1100, the random shocks to the price happen
to raise it to such a level that the market switches to fundamentalism again—only in
order to reinstate chartism after another 170 days, from where a similar process repeats
itself.
In short, a chartist regime has a close similarity to a random walk in the price; actually,
the leading eigen-value λ1 of the system’s Jacobian matrix is λ1 = 0.9996 here. Sooner
or later, pt will thus have drifted so far away from p? that fundamentalism appears to be
the more reasonable alternative. However, when most of the agents have switched to this
strategy, its mean-reverting tendencies cause the price to return towards p? , although the
readjustment may take a long time since the dominance is rather weak. If, then, the price
has come sufficiently close to p? , fundamentalism loses its attractiveness and a herding
dynamics drives the market back to chartism.
The third panel in Figure 2 demonstrates the implications of these irregular regime
switches for the returns rt , which we specify in percentage points,
rt := 100 · (pt − pt−1 )

(10)

Owing to the greater variability in chartist demand vis-à-vis fundamentalist demand,
σc2 > σf2 in (1), (2) or (4), (5) respectively, the noise level in the returns during a chartist
regime exceeds the level in a fundamentalist regime. Since the fundamentalists dominate
15

the market over longer periods of time, it looks as if a certain “normal” noise in the
returns is occasionally interrupted by outbursts of increased volatility. In other words,
the pattern in the evolution of the simulated returns can be characterized as volatility
clustering.
The bottom panel in the diagram displays the daily returns from the S&P 500 over the
same time horizon (from January 1980 to mid-March 2007, to be exact). A comparison
with the third panel shows that the pattern of the alternation of periods of tranquillity
and volatility in the returns is similar for the simulated and empirical series. Also the
quantitative outbursts are comparable in size (note that the two panels have the same
scale). Differences can be seen in the band width of the returns in the periods of relative
tranquillity. While the noise level is then constant in the simulated series, the empirical
series exhibit certain changes from the first, say, 1800 days to the period between t = 3000
and t = 4000, where the band becomes narrower, and from there to the period between
t = 4700 and t = 5700, which seems to be almost on the edge of tranquillity. Clearly, a
simple model cannot account for this kind of ‘regime shifts’ (if they were found to be
significant at all).

Figure 3: Autocorrelation functions of returns.
Note: Thin (bold) lines indicate empirical (simulated) returns, the two upper (lower) lines
represent the ACF of absolute (raw) returns, and the dotted lines mark the insignificance
band (at the 95% level). The coefficients of |rt | are three-lag moving averages. The underlying
simulation horizon is 10 times the empirical horizon, i.e. 68,670 days.

The time scale of Figure 2 does not allow us to assess the behaviour of the returns
over a few consecutive days. From the relatively high variances σf2 and σc2 , however, it
can be expected that the model reproduces the stylized fact of uncorrelated returns.
This is confirmed for lags from 1 to 100 days by the lower bold line in Figure 3, which
depicts the autocorrelation function (ACF) of the raw returns and may be compared to
the ACF of their empirical counterpart, which is given by the lower thin line. The ACF
16

of the simulated returns is smoother since, in order to reduce the sample variability, the
simulation was run over a horizon 10 times longer (i.e. 68,670 days) than the empirical
series.
The other two lines in the diagram take us back to the issue of volatility clustering.
Note that this concept, which describes the tendency of large changes in the asset price
to be followed by large changes, and small changes to be followed by small changes, is
closely related to the long-term dependencies between returns, a phenomenon usually
referred to as long memory. A common quantitative characteristic of these effects is the
ACF of squared or absolute returns. Since one is as good as the other, Figure 3 plots the
(smoothed) autocorrelation coefficients of the first 100 lags of the absolute returns. 19
These statistics are a crucial test for a model’s ability to replicate the empirical long
memory effects, and the diagram indicates that the present model performs remarkably
well in this respect. The precise numerical coefficients of the simulated versus empirical
series for a number of selected lags are reported in the right half of Table 2. 20

Autocorrelations of |rt | at lag

emp :
sim :

H

V

1

5

10

25

50

100

3.32
3.57

0.71
0.70

0.19
0.16

0.19
0.16

0.16
0.15

0.13
0.13

0.11
0.10

0.07
0.05

Table 2: Empirical and simulated summary statistics.
Note: H denotes the Hill estimator, V volatility, and emp and sim stand for empirical and
simulated, respectively. The autocorrelations of |rt | are the centred three-lag averages (cf.
fn 19).

Nevertheless, one less satisfactory aspect should not be concealed. The ACF is slightly
underestimated at short lags, and somewhat overestimated at lags around 20. The problem is that, while the shape of the empirical ACF comes close to a kind of power law,
a feature that has received a lot of attention in the literature, the decay in the modelgenerated ACFs is almost linear (over the first 70 or 80 lags, say). The “fitting” by the
19

“Smoothed” means that in order to reduce the sample variability, we use the three-lag moving
averages of the autocorrelations of the absolute returns, that is, at lag τ Figure 3 plots the mean
of the three coefficients for lag τ −1, τ , τ +1 (for τ = 1 it is the average of the first and second
lag).
20
Very similar results were obtained for different random number sequences in the simulations.
More precise information on the frequency distributions of the summary statistics from these
experiments is given in Franke and Westerhoff (2009).
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quasi straight line in Figure 3 (over this range) is a compromise between an over- and
underestimation in these subsections of the plot. On the one hand, it is a matter of taste
or ambition whether these mismatches are evaluated as serious or tolerable, given the
model’s elementariness. On the other hand, it would be the task of a full-fledged econometric analysis to reach a judgement in this respect (which is, however, beyond the scope
of the present paper).
While by construction the autocorrelation coefficients are scale-free, one may feel that
it should be no great problem to calibrate the dynamics such that the simulated returns
are in the same range as the empirical returns. in fact, Table 2 verifies that our parameter
set satisfies this requirement, too: the overall level of noise on the market, i.e. the volatility
of the returns (denoted by V ), is there defined as the mean value of the absolute returns,
and the simulated and empirical values of V are almost equal. It may, however, be added
that achieving this goal is less straightforward than simply multiplying the price impact
coefficient µ and the two standard deviations σf and σc by some suitable factors. The
reason is that µ, σf , σc do not only affect the scale of the returns but also the level of
prices, which in turn, via the misalignment argument in the switching function (8), feed
back on the entire population dynamics.
From the volatility clustering observed in Figure 2 one may easily suspect that extreme
values of the returns occur more frequently than would be compatible with a normal distribution. Accordingly, the distribution of the returns should exhibit fat tails. We abstain
from giving visual evidence of the phenomenon and turn directly to its measurement. To
this end, we consider the absolute returns and compute the well-known Hill estimator
(H) of their tail index, where the tail is specified as the upper 5 per cent. As documented
in Table 2, our simulation run yields an index of H = 3.57. A little practical experience
with this statistic suffices to infer that this value is not significantly different from the
empirical H = 3.32 for the S&P 500 returns.
Summarizing these quantitative results, we conclude that our set of summary statistics obtained from a long simulation of the model comes fairly close to their empirical
counterparts. Of course, the fit is not perfect, but we consider it good enough to feel
entitled to the claim that, with the numerical parameters from Table 1, the model is
“validated” at a daily frequency.

5. Conclusion
In this paper we proposed a small-scale agent-based model of a speculative dynamics on
a financial market. In the first instance, the model seeks to revive the notion of herding,
which in the present context takes place between the two archetypical groups of fundamentalist and chartist traders. To this end, the model sets up transition probabilities
with which the individual agents switch between the two strategies, such that ceteris
paribus the switching to a group becomes more likely when its majority increases. On
18

the other hand, the probability of switching towards fundamentalism increases the more
the price disconnects from the fundamental value. Although this framework starts out
from a microscopic level, the individual probabilistic actions can be aggregated and the
population dynamics conveniently described by a single macroscopic adjustment equation
for a majority index.
One advantage of this approach are the nonlinearities to which it gives rise. In particular, they allow the modeller to choose between unique and multiple equilibria (three in
fact) and, if unique, between different types of equilibria where the two trading strategies
are balanced or where one of them is in a clear majority. In addition, the isoclines in the
phase space can have quite different shapes. Hence the approach offers scope for a wide
range of dynamic phenomena.
While the basic notion of the transition probability approach has already been known
for a longer time, we combined it with a novel idea of how to specify the stochastic
noise in a small asset pricing model. So far, most of these models in the literature add a
random term to the price equation and/or subject the fundamental value to a random
walk. In contrast, we add a random term to each of the two demand rules of an average
fundamentalist or chartist agent. As the population shares of the two groups vary over
time, so does the variance of the “weighted” sum of the variances of the two single noise
terms, which thus produces a stochastic volatility in the returns. We called it structural
stochastic volatility (SSV) in order to emphasize its origin from a structural argument.
On the basis of the parameters on which we decided, the market dynamics generated
by this model comprise four features: (i) price determination by excess demand; (ii) a
herding mechanism; (iii) a rush towards fundamentalism when the price misalignment
becomes too large; and (iv) a stronger noise component in the demand per chartist
trader than in the demand per fundamentalist trader. Moreover, the interaction of these
elements can be well grasped by an analysis in the phase plane of the price and the
majority index. The final aim of the paper, however, was to demonstrate that features
(i) – (iv) alone are able to explain the most important stylized facts of the daily returns
on a financial market (represented by S&P 500, to be exact).
The stylized facts in which we are interested are briefly described by the keywords
of uncorrelated raw returns and volatility clustering, long memory and fat tails of the
absolute returns. We measured these concepts by the autocorrelations of the raw and
absolute returns, respectively, and by the Hill estimator of the tail index. Contrasting
these statistics from a long model-generated time series with their empirical counterparts,
we established that the differences between the two are, on an a priori basis, fairly limited.
So limited that we find it justifiable to claim that, with respect to the chosen statistics,
the model has been validated. In any case, the quantitative matching that we obtained
sets a standard that may be a challenge to other models of comparable complexity.
Even if the validation claim we have just made is accepted, it cannot take the place
of a full-fledged econometric analysis. If we use the expression ‘moments’ for the above19

mentioned summary statistics, then one econometric approach suggests itself, namely,
the method of simulated moments (MSM). This method sets up a quadratic function
(involving a suitable weighting matrix) of the deviations of the simulated from the empirical moments. Asymptotic theory or bootstrap procedures can then provide a critical
value to which the value of the MSM estimation can be compared. It would thus allow
the conclusion that the model is strongly, or moderately, rejected by the data, or that
it cannot be strictly told apart from the true data generation process. In addition, this
estimation approach can give us information about which of the parameters can be identified and, if so, how precisely. Such a detailed analysis is carried out in a companion
paper (Franke and Westerhoff, 2009).
In the Introduction, the transition probability approach (TPA) was presented as an
alternative to the discrete choice approach (DCA) with its fitness function, which is typically used in models descending from Brock and Hommes (1998) and which is presently
the dominating specification of an endogenous population dynamics. We also mentioned
that incorporating SSV into this framework succeeded, as it seemed, in a similar matching of the stylized facts (see Franke, 2009). It is now an attractive perspective to design
a rival model to the present one, that is, to replace TPA with DCA, endow the fundamentalists and chartists with a Brock-Hommes fitness function, and carry out the same
econometric analysis. Since the objective function can be equally applied to any model
for which a return series can be simulated, one may eventually be able to decide that,
within the given context, DCA is superior to TPA, or vice versa, or the competition
ends in a draw. This direct comparison of the moment matching potential of the two
approaches would be a well-organized, though limited, endeavour to overcome the mere
anecdotal evidence on the performance of agent-based models.

Appendix A1: A note on the nature of variable x in the literature
The role of the majority index xt in an adjustment equation like (6) may seem slightly
unclear in some of the literature, so that the concepts involved here may not always have
been fully understood. 21 In early publications, the equation was formulated after the
transition probabilities were utilized to set up the so-called Master equation. From this
point of view, the stochastic process is characterized not by the actual values of xt and
some other state variables, but by entire probability distributions of them, which are furthermore subject to change over time. The adjustment equation, which is a deterministic
equation, is referred to here as “an approximative mean value equation for the original
stochastic system”, whose analysis “is sufficient to determine the most probable development from any initial state”. Neglecting the other aspect of the probability distributions

21

The present authors do not exempt themselves from this.
20

can technically be justified “by the convenient assumption of a sharply peaked initial
distribution” (Lux, 1995, p. 885; emphasis in original).
Two questions arise from these presentations. (1) As the probability distribution varies
over time, is it ensured that it remains so sharply peaked? 22 (2) Equilibrium (i.e. timeinvariant) probability distributions that have a bimodal density function are of particular interest. This implies that over longer periods of time a sample trajectory fluctuates
around some (low) value of the majority index, then eventually switches over into the
neighbourhood of another (high) value of x, fluctuates around it for another period of
time, until it switches back into a neighbourhood of the first value, etc. Since the probability distribution does not change during all this, its mean value does not change,
either. The specific value it attains would indeed be some constant in an intermediate
range between the two more extreme values. In this situation, the assumption of peakedness is violated, although the stochastic process itself is in its (unique) equilibrium. The
expected value would only provide misleading information about what is actually going
on between the agents.
The ambiguities can be resolved by deriving equations for xt like (6) as the so-called
Langevin equation, where xt is not an approximative mean value but the actual value
of the majority index in a sample trajectory. This equation can be conceived of as a
stochastic adjustment rule for xt . In general, it includes an additive noise term with a
variance that decreases with the population size. It moreover becomes a deterministic
equation, i.e. the variance tends to zero, as the population size gets infinitely large.
For more information about the historical background of the transition probability
approach as well as a rigorous derivation of eq. (6) in a stochastic and the present deterministic version, see Franke (2008a,b).

Appendix A2: Mathematical proofs
Proof of Proposition 1
To determine the equilibrium value(s) of the majority index it proves useful to resort to
the definition of the hyperbolic sine and cosine (sinh and cosh). It allows us to rewrite (6)
and (7) as ∆xt+1 := xt+1 −xt = 2ν { [exp(st )−exp(−st )]/2 − xt [exp(st )+exp(−st )]/2 } =
2ν [sinh(st ) − xt cosh(st )]. With tanh = sinh / cosh for the hyperbolic tangent we then
get
∆xt+1 = xt+1 − xt = 2ν { tanh[s(xt , pt )] − xt } cosh[s(xt , pt )]

(A1)

Since cosh is an everywhere positive function, ∆xt+1 = 0 if and only if the term in
curly brackets vanishes. Hence, taking p = p? in the switching index (8) into account,
22

For a specific system, this question is answered by an explicit (elaborate) mathematical analysis
in Lux (1997, Sections 4.1 and 4.2).
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any equilibrium value of x has to satisfy the relationship tanh(αo + αx x) = x. Applying
the inverse function arctanh(·) to both sides of this equation and using the identity
arctanh(x) = (1/2) ln[(1+x)/(1−x)], the equilibrium condition for the majority index
can be reformulated as
h1 + xi
1
ln
+ αo = 0
(A2)
g(x) := αx x −
2
1−x
To locate the roots of the function g(·), note that it tends to +∞ as x approaches −1
from the right, and to −∞ as x approaches +1 from the left. In addition, the derivative
is computed as g 0 (x) = αx − 1/(1 − x2 ). If, as in part (a) of the proposition, αx is
contained between zero and unity, g 0 (x) is negative on the entire domain. Hence a unique
equilibrium value xo exists in this case. 23
Consider next αx > 1 together with a zero intercept αo = 0 in the switching index.
One equilibrium value satisfying (A2) is then given by xo = 0, in which g(·) is now
upward sloping. Equating the derivative to zero, it is seen that g(·) has exactly one local
minimum between −1 and xo , in which g is negative, and (symmetrical to it) exactly one
local maximum between xo and +1, in which g is positive. From the limiting behaviour
of the function for x → ±1, we thus infer the existence of exactly two additional outer
equilibria; one between −1 and xo and the other between xo and +1. This proves part
(b) of the proposition.
As for part (c), fix αx > 1 and let the predisposition parameter αo decrease to below
zero. Obviously, this shifts the function g(·) downwards. As a consequence, xo and xf d
move towards each other, xo as the interior and xf d as the outer-right point of intersection
of g(·) with the zero line. Eventually, as the downward shift of αo continues, the local
maximum of g(·) will be zero. When this occurs, xo and xf d collapse into one single
point of intersection. Subsequently, if αo decreases further, they disappear. Under these
circumstances, xcd remains as the only equilibrium point, where the shifting procedure
has moved it monotonically to the left all the time. This observation completes the proof.
q.e.d.
Proof of Proposition 2
Given a pair (xt , pt ), we have ∆xt+1 ≥ 0 if and only if the term in curly brackets in (A1)
is nonnegative, or tanh[αo + αx xt + αd (pt −p? )2 ] ≥ xt . Applying the strictly increasing
arctanh function on both sides of the inequality and using the abovementioned identity
for arctanh(xt ) as well as the definition of the function g(·), this relationship is equivalent
to g(xt ) ≥ −αd (pt − p? )2 . It is certainly fulfilled if g(xt ) > 0 or, in the case g(xt ) = 0,
if pt 6= p? .
23

Incidentally, the argument remains the same if αx ≤ 0, although we would then have the
opposite of herding.
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If g(xt ) < 0, we can multiply the inequality by −1, which reverses the inequality
sign, and then take the square root on both sides. This yields the condition pt − p? ≥
p
p
−g(xt )/αd if pt > p? and pt − p? ≤ − −g(xt )/αd if pt < p? . The remaining statements in part (c) are obvious.
q.e.d.

References
Brock, W. and Hommes, C. (1998): Heterogeneous beliefs and routes to chaos in a simple
asset pricing model. Journal of Economic Dynamics Control, 22, 1235–1274.
Chen, S.-H., Chang, C.-L. and Du, Y.-R. (2008): Agent-based economic models and econometrics. Paper presented at the Econophysics Colloquium, Kiel, August 2008
(www.bwl.uni-kiel.de/gwif/econophysics/abstracts/chen.pdf).
Chiarella, C., Dieci, R. and He, X.-Z. (2009): Heterogeneity, market mechanisms, and asset
price dynamics. In: Hens, T. and Schenk-Hoppé, K.R. (eds): Handbook of Financial Markets:
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T. and Schenk-Hoppé, K.R. (eds.): Handbook of Financial Markets: Dynamics and Evolution.
North-Holland: Amsterdam; pp. 161–216.
Lux, T. and Ausloos, M. (2002): Market fluctuations I: Scaling, multiscaling, and their possible
origins. In: Bunde, A., Kropp, J. and Schellnhuber, H. (eds): Science of Disaster: Climate
Disruptions, Heart Attacks, and Market Crashes. Springer: Berlin; pp. 373–410.
Lux, T. and Marchesi, M. (1999): Scaling and criticality in a stochastic multi-agent model of
a financial market. Nature, 397, 498–500.
Lux, T. and Marchesi, M. (2000): Volatility clustering in financial markets: A microsimulation
of interacting agents. International Journal of Theoretical and Applied Finance, 3, 675–702.
Menkhoff, L. and Taylor, M. (2007): The obstinate passion of foreign exchange professionals:
technical analysis. Journal of Economic Literature, 45, 936–972.
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